Abstract: A new kind of option, called hereafter a Parisian barrier option, is studied in this paper. This option is the following variant of the so-called barrier option : a down-andout barrier option becomes worthless as soon as a barrier is reached, whereas a down-and-out Parisian barrier option is lost by the owner if the underlying asset reaches a prespeci ed level and remains constantly below this level for a time interval longer than a xed number, called the window. Properties of durations of Brownian excursions play an essential role. We also study another kind of option, called here cumulative Parisian option, which becomes worthless if the total time spent below a certain level is too long.
Introduction
The payo of a standard European option only depends on the price of the underlying asset at the maturity date. In the barrier (or knock-out) option case, the payo does not only depend on the nal price of the underlying asset but also on whether or not the underlying asset has reached a barrier price during the life span of the option. The more volatile the underlying value is, the less sense the concept of knock-out option makes. It is acceptable to lose the right to exercise a barrier option only if the probability that the standard option will be in the money at maturity is pretty low. This is not the case if the volatility is high when the option is lost (in this case the value of the option is pretty small). Actually, after a critical level of the volatility, the European knock-out option has a value which is a monotonic decreasing function of the volatility.
In this paper, we de ne a new kind of option which we shall call a Parisian barrier option. For conciseness, we shall often drop the term \barrier" in the sequel. A Parisian option is close to a barrier option, studied in 20], the di erence lying in the fact that the owner doesn't lose the option if the value of the underlying value reaches the knock-out level, but only if it remains long enough under (or above) this level. With a Parisian option, the joint probability to lose the right to exercise and to have at maturity an underlying value which is higher (resp. smaller) than the strike price for a call (resp. for a put) can be monitored. The Parisian option combines the advantage of the knock-out option, i.e., to reduce the cost, with the advantage of standard options, i.e., to keep the right to exercise longer. The referee also pointed out another possible advantage of Parisian options we quote : \as far as barrier down-and-out options are concerned, an in uential agent in the market who has written such options and sees the price approaching that limit could try to push the price below this limit, even momentarily. This will make the options worthless, so even if the agent loses some money while doing so, he might be compensated by the elimination of liabilities. However, in the case of Parisian barrier options, he will have to make sure that the price stays below that level for some time this might prove more di cult or more expensive. This makes the market fair in that it protects the holder of such options from deliberate action taken by the writer."
The paper is organised as follows: in section II, we introduce the notation and de ne the assumptions. In section III, we obtain an upper and a lower bound for the value of the Parisian option. In section IV, we attempt to value these options, whereas in section V, we give precise formulae for the Laplace transforms of their values. In section VI, we prove the put-call parity. We study cumulative Parisian options in section VII. Technically, in pricing such options, we will rely upon ex-cursion theory, the needed results from which are presented in the appendix.
The main computation made in this paper is an illustration of the following general \principle" : to estimate the usually complicated function (we make the usual convention : sup( ) = 0 , and inf( ) = +1). The trajectory of S between g S L t and d S L t is the excursion of S at the level L, which straddles time t. The variables g S L t and d S L t are the left and the right ends of the excursion. If S remains below L during this excursion, i.e., if S t < L, the excursion is said to be below L.
The length (or life duration) of the excursion which straddles t is d S L t ; g S L t . We are interested here with t ; g S L t , which is the age of the excursion. In the context of a Parisian option, S t is the price of the underlying asset. We suppose that dS t = S t ( dt + dB t ) S 0 = x (1) where is a non-negative constant and B a Brownian motion. We will denote by r the interest rate and by the dividend rate if the underlying is a stock (otherwise, for a currency, will play the role of the foreign interest rate). We assume that both r and are constant. The maturity of the option is denoted by T and the strike price is K. 
Parisian in option
a. Down-and-in option: The owner of a down-and-in option receives the payo only if there is an excursion below the level L which is older than D. The down-and-in option (resp. down-and-out) refers to an option which appears (resp. disappears) when there is an excursion which lasts long enough below the level L.
b. Up-and-in option: The owner of the option receives the payo only if there is an excursion above the level L which lasts longer than D.
We assume no rebate in our study we could easily extend our computations to that case. 3 Upper and Lower Bounds of a Parisian downout option
As presented in the introduction, the Parisian option combines di erent characteristics of the knock-out option, and of the standard option. More precisely, let us consider the two following limiting cases for down-and-out options:
S t > L and D T ; t. In this case, the probability to have an excursion below L, between t and T , of length at least equal to D is zero. Between those two limiting cases, when D decreases from T ;t to zero, the option value decreases, because the probability to lose the right to exercise increases. We thus have the following formulae for the call and put cases: In many formulae involving a function of the maturity T, as in (8), the discounted factor exp ;(r + m 2 2 )T ] appears. In order to give concise formulae, we introduce the following notation
and we shall refer to this quantity as a (r m)-discounted value.
a. Parisian down-and-out call : We 
therefore, using notation (9), we obtain the following expression
Parisian down-and-out put : Using obvious notation, we get the following:
.2 Up-and-out options
The (r m)-discounted value of an up-and-out option with payo (S T ) is :
) the value of an up-and-out call (resp. put).
Parisian in options
The \in" case follows from the \out" case: for example, let us denote by
the (r m)-discounted value of a down-and-in call. Then,
where BS(x T) is the Black-Scholes price, i.e.,
BS(x T) = exp ;(r + m 2 2 )T ] E P (xe Z T ; K) + exp(mZ T ) :
In the same way, the values of an up-and-out call and of an up-and-in call and of the present paper. We remark that the scaling property implies that T V n (T ) (law) = H n (1), an identity which has been exploited by Wendel 24] . It would be possible to construct options based on H 2 (D) H 3 (D) . . . however, we shall not develop this here. The same method leads to the following formulae : 5 A formula for the valuation
We study, in this section, the valuation of a down-and-in option. The value of a down-and-out option was obtained in (10). the Brownian semi-group acting on f. The same kind of formula applies for a down option with payo (S T ).
Parisian down-and-in call
As recalled in the Appendix, the random variables Z H ; 
2D
) dz : (20) Particular case If y > b, the rst term on the right member of (19) is not identi ed. 
Parisian put
We establish a put-call parity in the same manner as Grabbe 12] . The (r m)-discounted value of a Parisian down-and-out put is
The right side is equal to 
For other Parisian options, the same parity relation holds. For example, for a Parisian up-and-out put,
7 Cumulative Parisian options
In this section, we de ne and study an option which is lost by its owner when the time spent by the underlying asset below the level L is greater than D. (24) More generally, we can de ne, for b 2 IR, g b t = supfs j s t Z s = bg (25) d b t = inffs j s t Z s = bg 
The slow Brownian ltration
We suppose that b = 0. Let us denote by (F t t 0) the natural ltration of the Brownian motion Z.
If R is a random variable such that R > 0 a.s., we de ne the sigma-eld F ;
R of the past up to R as the -algebra generated by the variables R , where is a predictable process.
In particular, we consider the -algebra F ; gt which is included in F t and is increasing with respect to t. 
